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Abstract
Discrete analogs of the index Whittaker transform are introduced and investigated.
It involves series and integrals with respect to a second parameter of the Whittaker
functionWµ,in(x), x > 0, µ ∈ R, n ∈ N, i is the imaginary unit. The corresponding
inversion formulas for suitable functions and sequences in terms of these series and
integrals are established.
Keywords: index Whittaker transform, Whittaker function, modified Bessel function,
Parabolic cylinder function, Fourier series
AMS subject classification: 45A05, 44A15, 42A16, 33C15, 33C10
1 Introduction and preliminary results
In 1964 Wimp [3] discovered a reciprocal pair of integral transformations, involving the
Whittaker function Wµ,iτ (x) [2], Vol. III
F (τ) =
∫ ∞
0
Wµ,iτ (x)f(x)
dx
x2
, τ > 0, (1.1)
f(x) =
1
pi2
∫ ∞
0
τ sinh(2piτ)
∣∣∣∣Γ
(
1
2
− µ+ iτ
)∣∣∣∣
2
Wµ,iτ (x)F (τ)dτ, x > 0, (1.2)
where µ ∈ R and Γ(z) is the Euler gamma function [2], Vol. III. These transforms are
particular cases of a more general integral transform with Meijer G-function as the kernel
[4]. As we see in (1.1), (1.2), the corresponding integrals depend upon a second parameter
(index) of the Whittaker function and involve it as the variable of integration. Therefore
formulas (1.1), (1.2) are called the reciprocal index Whittaker transforms. When µ = 0
this pair can be reduced to the familiar Kontorovich-Lebedev transforms [6].
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In this paper we will deal with the following discrete analogs of the index Whittaker
transforms
f(x) = e−x/2
∞∑
n=1
an Wµ,in(x), x > 0, (1.3)
an =
∫ ∞
0
e−x/2Wµ, in
2
(x)f(x)xµ−2dx, n ∈ N (1.4)
for suitable classes of functions f and sequences {an}n≥1. Our approach will be based on
the use of classical Fourier series and some integrals, involving the Whittaker and modified
Bessel functions [2], Vol. II. As is known, the Whittaker function has the following
asymptotic behavior at the origin and near infinity
Wµ,ν(x) = O
(
x1/2+Reν
)
+O
(
x1/2−Reν
)
, x→ 0+, (1.5)
Wµ,ν(x) = O
(
e−x/2xReµ
)
, x→∞. (1.6)
It can be represented by the integral [5]
Γ
(
1
2
− µ+ iτ
)
Γ
(
1
2
− µ− iτ
)
Wµ,iτ (x)
= 2(4x)µe−x/2
∫ ∞
0
t−2µe−t
2/(4x)K2iτ (t)dt, x > 0, Reµ <
1
2
, τ ∈ R, (1.7)
where Kν(z) is the modified Bessel function. For the pure imaginary index this function
satisfies the inequality (see [6], formula (1.100))
|Kiτ (x)| ≤ e−δ|τ |K0 (x cos(δ)) , x > 0, τ ∈ R, δ ∈
[
0,
pi
2
)
. (1.8)
Hence, as a consequence of (1.7), (1.8) the following inequality for the Whittaker function
holds
|Wµ,iτ (x)| ≤ (cos(δ))−1
∣∣∣∣∣
Γ
(
1
2
− µ)
Γ
(
1
2
− µ+ iτ)
∣∣∣∣∣
2
Wµ,0
(
x cos2(δ)
)
e−
x sin2(δ)
2
−2δ|τ |, (1.9)
where x > 0, τ ∈ R, µ < 1
2
, δ ∈ [0, pi
2
)
. On the other hand, the Whittaker function
possesses by the Mellin-Barnes representation in terms of the ratio of products of gamma
functions (see [2], Vol. III, Entry 8.4.44.2)
e−x/2Wµ,ρ (x)
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=
1
2pii
∫ γ+i∞
γ−i∞
Γ
(
1
2
+ ρ+ s
)
Γ
(
1
2
− ρ+ s)
Γ(1− µ+ s) x
−sds, x > 0, γ > |Reρ| − 1
2
. (1.10)
Hence, taking integral (1.10), we deduce
∫ ∞
0
e−x
2/(4t)−t/2 Wµ,ρ(t) t
µ−2dt =
1
2pii
∫ γ+i∞
γ−i∞
Γ
(
1
2
+ ρ+ s
)
Γ
(
1
2
− ρ+ s)
Γ(1− µ+ s)
×
∫ ∞
0
e−x
2/(4t)tµ−s−2dtds, (1.11)
where the interchange of the order of integration is allowed by Fubini’s theorem owing to
the estimate
∫ γ+i∞
γ−i∞
∣∣∣∣∣
Γ
(
1
2
+ ρ+ s
)
Γ
(
1
2
− ρ+ s)
Γ(1− µ+ s)
∣∣∣∣∣
∫ ∞
0
e−x
2/(4t)
∣∣tµ−s−2dtds∣∣
=
(x
2
)2(Reµ−γ−1)
Γ(γ − Reµ+ 1)
∫ γ+i∞
γ−i∞
∣∣∣∣∣
Γ
(
1
2
+ ρ+ s
)
Γ
(
1
2
− ρ+ s)
Γ(1− µ+ s) ds
∣∣∣∣∣ <∞,
where x > 0, γ > Reµ− 1, |Reρ| − 1
2
, and the Stirling asymptotic formula for the gamma
function (see [4], formula (1.12)). Consequently, returning to (1.11) and calculating the
Euler integral, we derive
∫ ∞
0
e−x
2/(4t)−t/2 Wµ,ρ(t) t
µ−2dt =
(x
2
)2(µ−1) 1
2pii
∫ γ+i∞
γ−i∞
Γ
(
1
2
+ ρ+ s
)
×Γ
(
1
2
− ρ+ s
)(x
2
)−2s
ds.
Now, employing the formula (cf. [2], Vol. III, Entry 8.4.23.1)
1
2pii
∫ γ+i∞
γ−i∞
Γ (s+ ρ) Γ (s− ρ) x−sds = 2K2ρ(2
√
x), x > 0, γ > |Reρ| ,
we easily end up with the equality (cf. [2], Vol. III, Entry 2.19.4.7)
∫ ∞
0
e−x
2/(4t)−t/2 Wµ,ρ(t) t
µ−2dt = 2
(x
2
)2µ−1
K2ρ(x), x > 0, µ, ρ ∈ C, (1.12)
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which will be used in the sequel. Finally in this section we mention a useful integral
(cf. [2], Vol. I, Entry 2.3.15.3) in our investigation which defines the parabolic cylinder
function Dν(z)
∫ ∞
0
xα−1e−px
2−qxdx =
Γ(α)
(2p)α/2
e
q2
8p D−α
(
q√
2p
)
, Reα, Rep > 0, q ∈ C. (1.13)
These preliminary results are, indeed, key ingredients to achieve our goal to invert discrete
index Whittaker transforms (1.3), (1.4). The suggested approach is based on reducing to
the discrete Kontorovich-Lebedev transform whose theory is recently elaborated by the
author in [7].
2 Inversion theorems
We begin with
Theorem 1. Let µ < 1
2
and the sequence {an}n≥1 satisfy the condition
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2 <∞, δ ∈
[
0,
pi
2
)
. (2.1)
Then the discrete transformation (1.3) can be inverted by the formula
an =
21/2+µ
pi2
Γ(1− 2µ)n sinh(2pin)
∫ ∞
0
Φµn(t)f(t)t
−3/2dt, (2.2)
where
Φµn(x) =
∫ pi
0
ex cosh
2(u)/2D2µ−1
(√
2x cosh(u)
)
cos(2nu)du (2.3)
and integral (2.2) converges absolutely.
Proof. Taking the modified Laplace transform [4] of both sides of (1.3), we interchange
the order of integration and summation and then appeal to (1.12) to derive
∫ ∞
0
e−x
2/(4t)f(t)tµ−2dt =
∞∑
m=1
am
∫ ∞
0
e−x
2/(4t)−t/2Wµ,im(t)t
µ−2dt
= 2
(x
2
)2µ−1 ∞∑
m=1
amK2im(x), x > 0. (2.4)
This interchange is permitted due to Fubini’s theorem via inequality (1.9), representation
(1.12) and condition (2.1). In fact, we have
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∫ ∞
0
e−x
2/(4t)−t/2tµ−2
∞∑
m=1
|am Wµ,im(t)| dt ≤ (cos(δ))−1
[
Γ
(
1
2
− µ
)]2
×
∫ ∞
0
e−x
2/(4t)−t(1+sin2(δ))/2Wµ,0
(
t cos2(δ)
)
tµ−2dt
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2
≤ (cos(δ))−1
[
Γ
(
1
2
− µ
)]2
×
∫ ∞
0
e−x
2/(4t)−t(cos2(δ))/2Wµ,0
(
t cos2(δ)
)
tµ−2dt
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2
= 2
(x
2
)2µ−1 [
Γ
(
1
2
− µ
)]2
K0 (x cos(δ))
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2 <∞.
Now, the right-hand side of the latter equality in (2.4) is a discrete Kontorovich-Lebedev
transform of double index (cf. [7], Th. 1), which can be inverted under the condition∑∞
m=1 |am|e−pim <∞. But this condition holds by virtue of (2.1) and Stirling’s asymptotic
formula for the gamma function since |Γ (1/2 + im− µ)| = O (m−µe−pim/2) , m → ∞.
Consequently, inverting the Kontorovich-Lebedev transform in (2.4), we get, reciprocally,
an =
4µ
pi2
n sinh(2pin)
∫ ∞
0
x−2µJ(x, 2in, pi)
∫ ∞
0
e−x
2/(4t)f(t)tµ−2dtdx, (2.5)
where J(x, in, pi) is the incomplete modified Bessel function [1]
J(x, in, pi) =
∫ pi
0
e−x cosh(u) cos(nu)du
=
x
n
∫ pi
0
e−x cosh(u) sinh(u) sin(nu)du, (2.6)
where the second integral in (2.6) is obtained via integration by parts. Hence, since due
to (1.9) and Entries 2.3.16.1 in [2], Vol. I, 2.16.6.2 in [2], Vol. II we find
∫ ∞
0
x−2µ |J(x, 2in, pi)|
∫ ∞
0
e−x
2/(4t)|f(t)|tµ−2dtdx
≤ 1
2n cos(δ)
[
Γ
(
1
2
− µ
)]2 ∫ pi
0
sinh(u)
∫ ∞
0
∫ ∞
0
exp
(
−x cosh(u)− x
2
4t
− t
2
(1 + sin2(δ))
)
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×x1−2µWµ,0
(
t cos2(δ)
)
tµ−2dtdxdu
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2
≤ 22(1−µ)
[
Γ
(
1
2
− µ
)]2 ∫ pi
0
sinh(u)
∫ ∞
0
e−x cosh(u)K0 (x cos(δ)) dxdu
×
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2
= 22(1−µ)
[
Γ
(
1
2
− µ
)]2 ∫ pi
0
sinh(u)
(cosh2(u)− cos2(δ))1/2
× log
(
cosh(u) + (cosh2(u)− cos2(δ))1/2
cos(δ)
)
du
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2
≤ 22(1−µ)pi
[
Γ
(
1
2
− µ
)]2
log
(
cosh(pi) + (cosh2(pi)− cos2(δ))1/2
cos(δ)
)
×
∞∑
m=1
|am| e−2δm
|Γ (1/2 + im− µ)|2 <∞, (2.7)
we interchange the order of integration in (2.5) by Fubini’s theorem. Then, appealing to
(1.13), (2.6), we arrive at the inversion formula (2.2) with the kernel (2.3), completing
the proof of Theorem 1.
Remark 1. The discrete transformation (1.3) and its inversion formula (2.2) generate
the following expansion of an arbitrary sequence {an}n≥1, satisfying condition (2.1)
an =
21/2+µ
pi2
Γ(1− 2µ) n sinh(2pin)
∫ ∞
0
Φµn(t)t
−3/2e−t/2
∞∑
m=1
amWµ,im(t)dt.
When µ = 0, it givesW0,im(x) =
√
x
pi
Kim
(
x
2
)
and (1.3) reduces to the modified discrete
Kontorovich-Lebedev transform
f(x) = e−x/2
√
x
pi
∞∑
m=1
amKim
(x
2
)
, x > 0. (2.8)
Therefore, using the value of the integral (see [2], Vol. I, Entry 2.3.15.4)
∫ ∞
0
ex
2/(4t)−x cosh(u)dx =
√
pit et cosh
2(u)erfc
(√
t cosh(u)
)
, (2.9)
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where erfc(z) is the complementary error function [2], Vol. I, we write its inversion formula
in the form
an =
n sinh(2pin)
pi
√
pi
∫ ∞
0
Φ0n(t)f(t)t
−3/2dt, n ∈ N, (2.10)
where
Φ0n(x) =
∫ pi
0
ex cosh
2(u)erfc
(√
x cosh(u)
)
cos(2nu)du. (2.11)
Concerning the discrete index Whittaker transform (1.4), we have the following result.
Theorem 2. Let µ < 1/2 and f be a complex-valued function on R+ which is repre-
sented by the integral
f(x) = Γ(2(1−µ))(2x)1−µ
∫ pi
−pi
ex cosh
2(u)/2D2(µ−1)
(√
2x cosh(u)
)
ϕ(u)du, x > 0, (2.12)
where ϕ(u) = ψ(u) sinh(u) and ψ is a 2pi-periodic function, satisfying the Lipschitz con-
dition on [−pi, pi], i.e.
|ψ(u)− ψ(v)| ≤ C|u− v|, ∀ u, v ∈ [−pi, pi], (2.13)
where C > 0 is an absolute constant. Then the following inversion formula for transfor-
mation (1.4) holds
f(x) =
(x/2)1−µ
pi2
Γ(2(1− µ))
∞∑
n=1
sinh(pin)Ψµn(x)an, x > 0, (2.14)
where Ψµn(x) is defined by
Ψµn(x) =
∫ pi
−pi
ex cosh
2(u)/2D2(µ−1)
(√
2x cosh(u)
)
sinh(u) sin(nu)du. (2.15)
Proof. In fact, appealing to (1.13), we write (2.12) as follows
f(x) =
∫ pi
−pi
ϕ(u)
∫ ∞
0
e−t
2/(4x)−t cosh(u)t1−2µdtdu. (2.16)
Plugging the right-hand side of (2.16) in (1.4), we change the order of integration and
calculate the integral with respect to x, employing (1.12), to obtain
∫ ∞
0
e−x/2Wµ, in
2
(x)f(x)xµ−2dx =
∫ pi
−pi
ϕ(u)
∫ ∞
0
e−t cosh(u)t1−2µ
8 Semyon YAKUBOVICH
×
∫ ∞
0
e−x/2−t
2/(4x)Wµ, in
2
(x)xµ−2dxdtdu = 41−µ
∫ pi
−pi
ϕ(u)
∫ ∞
0
e−t cosh(u)Kin(t)dtdu. (2.17)
The interchange of the order of integration is guaranteed by Fubini’s theorem via inequal-
ity (1.9), the continuity of ϕ and the estimate (cf. (2.7))
∫ ∞
0
e−x/2
∣∣∣Wµ, in
2
(x)
∣∣∣ xµ−2
∫ pi
−pi
|ϕ(u)|
∫ ∞
0
e−t
2/(4x)−t cosh(u)t1−2µdtdudx
≤ (cos(δ))−1 e−δn
∣∣∣∣∣
Γ
(
1
2
− µ)
Γ
(
1+in
2
− µ)
∣∣∣∣∣
2 ∫ ∞
0
e−x cos
2(δ)/2Wµ,0
(
x cos2(δ)
)
xµ−2
×
∫ pi
−pi
|ϕ(u)|
∫ ∞
0
e−t
2/(4x)−t cosh(u)t1−2µdtdudx
= 41−µe−δn
∣∣∣∣∣
Γ
(
1
2
− µ)
Γ
(
1+in
2
− µ)
∣∣∣∣∣
2 ∫ pi
0
|ϕ(u)|
∫ ∞
0
e−t cosh(u)K0(t cos(δ))dtdu <∞.
Hence, returning to (2.17) and calculating the latter integral by t with the aid of Entry
2.16.6.1 in [2], Vol. II
∫ ∞
0
e−t cosh(u)Kin(t)dt =
pi sin(nu)
sinh(pin) sinh(u)
,
we get finally, combining with (1.4) and the definition of ϕ,
an =
41−µpi
sinh(pin)
∫ pi
−pi
ϕ(u)
sin(nu)
sinh(u)
du =
41−µpi
sinh(pin)
∫ pi
−pi
ψ(u) sin(nu)du. (2.18)
Therefore, following the same scheme as in the proof of Theorem 5 in [7], we substitute
the value of an by (2.18) and Ψ
µ
n(x) by (2.15) into the partial sum of the series (2.14).
Then, calculating this sum via the known identity, we obtain
SN (x) =
(x/2)1−µ
pi2
Γ(2(1− µ))
N∑
n=1
sinh(pin)Ψµn(x)an
=
(2x)1−µ
pi
Γ(2(1− µ))
N∑
n=1
∫ pi
−pi
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
sinh(t) sin(nt)dt
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×
∫ pi
−pi
ψ(u) sin(nu)du
=
(2x)1−µ
4pi
Γ(2(1− µ))
∫ pi
−pi
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
sinh(t)
×
∫ pi
−pi
[ψ(u)− ψ(−u)] sin ((2N + 1)(u− t)/2)
sin((u− t)/2) dudt. (2.19)
Since ψ is 2pi-periodic, we treat the latter integral with respect to u as follows
∫ pi
−pi
[ψ(u)− ψ(−u)] sin ((2N + 1)(u− t)/2)
sin((u− t)/2) du
=
∫ t+pi
t−pi
[ψ(u)− ψ(−u)] sin ((2N + 1)(u− t)/2)
sin((u− t)/2) du
=
∫ pi
−pi
[ψ(u+ t)− ψ(−u− t)] sin ((2N + 1)u/2)
sin(u/2)
du.
Moreover,
1
2pi
∫ pi
−pi
[ψ(u+ t)− ψ(−u− t)] sin ((2N + 1)u/2)
sin(u/2)
du− [ψ(t)− ψ(−t)]
=
1
2pi
∫ pi
−pi
[ψ(u+ t)− ψ(t) + ψ(−t)− ψ(−u− t)] sin ((2N + 1)u/2)
sin(u/2)
du.
When u+ t > pi or u+ t < −pi then we interpret the value ψ(u+ t)− ψ(t) by formulas
ψ(u+ t)− ψ(t) = ψ(u+ t− 2pi)− ψ(t− 2pi),
ψ(u+ t)− ψ(t) = ψ(u+ t+ 2pi)− ψ(t + 2pi),
respectively. Analogously, the value ψ(−u− t)− ψ(−t) can be treated. Then due to the
Lipschitz condition (2.13) we have the uniform estimate for any t ∈ [−pi, pi]
|ψ(u+ t)− ψ(t) + ψ(−t)− ψ(−u− t)|
| sin(u/2)| ≤ 2C
∣∣∣∣ usin(u/2)
∣∣∣∣ .
Therefore, owing to the Riemann-Lebesgue lemma
lim
N→∞
1
2pi
∫ pi
−pi
[ψ(u+ t)− ψ(−u− t)− ψ(t) + ψ(−t)] sin ((2N + 1)u/2)
sin(u/2)
du = 0 (2.20)
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for all t ∈ [−pi, pi]. Besides, returning to (2.19), we estimate the iterated integral
∫ pi
−pi
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
| sinh(t)|
×
∫ pi
−pi
∣∣∣∣[ψ(u+ t)− ψ(−u− t)− ψ(t) + ψ(−t)] sin ((2N + 1)u/2)sin(u/2)
∣∣∣∣ dudt
≤ 4C
∫ pi
0
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
sinh(t)dt
×
∫ pi
−pi
∣∣∣∣ usin(u/2)
∣∣∣∣ du <∞, x > 0.
Consequently, via the dominated convergence theorem it is possible to pass to the limit
when N →∞ under the integral sign, and recalling (2.20), we derive
lim
N→∞
(2x)1−µ
4pi
Γ(2(1− µ))
∫ pi
−pi
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
sinh(t)
×
∫ pi
−pi
[ψ(u+ t)− ψ(−u− t)− ψ(t) + ψ(−t)]
× sin ((2N + 1)u/2)
sin(u/2)
dudt
=
(2x)1−µ
4pi
Γ(2(1− µ))
∫ pi
−pi
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
sinh(t)
× lim
N→∞
∫ pi
−pi
[ψ(u+ t)− ψ(−u− t)− ψ(t) + ψ(−t)] sin ((2N + 1)u/2)
sin(u/2)
dudt = 0.
Hence, combining with (2.19), we obtain by virtue of the definition of ϕ and f
lim
N→∞
SN(x) =
(2x)1−µ
2
Γ(2(1− µ))
∫ pi
−pi
ex cosh
2(t)/2D2(µ−1)
(√
2x cosh(t)
)
× [ϕ(t) + ϕ(−t)] dt = f(x),
where the integral (2.12) converges since ϕ ∈ C[−pi, pi]. Thus we established (2.14),
completing the proof of Theorem 2.
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Remark 2. Functions (2.3) and (2.15) are related by the formula Ψµn(x) = 2ImΦ
µ−1/2
n−i
2
(x).
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